The virtual source for generation of rotational symmetric Lorentz-Gaussian (RLG) wave whose propagating dynamics present the rotational symmetry is identified. Closed-form expressions, including integral and differential representations, are derived for this kind of Lorentz-Gaussian (LG) wave, thereby yielding paraxial approximation of the RLG beam in the appropriate regime. From the spectral representation of this wave, the first three order corrections of nonparaxial approximations are determined for a corresponding paraxial RLG beam. Moreover, the relationship between the RLG beam and the Hermite-Gaussian beam is revealed.
The Lorentz-Gaussian (LG) beams obtained by Gawhary et al. as exact solutions of a paraxial wave equation for propagation in optical systems can be described as the product of two independent Lorentz functions apodizated by Gaussian beams and as solution modes in novel laser resonators [1, 2] . These beams have been introduced to describe highly divergent beams generated by certain laser sources, such as double-heterojunction Ga 1−x Al x As [3−5] . Thus far, previous work on this type of beam has attracted intensive research and has extended the paraxial regime to the nonparaxial regime [6−12] . For example, based on the vectorial Rayleigh-Sommerfeld integral formula, the analytical propagation equation of a nonparaxial LG beam in free space has been derived [7] . The rotational symmetric LG (RLG) beam with symmetric characteristics of rotation, which can be regarded as a special mathematical model of LG beam, has not yet received much attention.
Because the nonparaxial propagation of optical beams has attracted increasing attention in optics [13] , virtual source method, which is first proposed by Deschamps [14] and then systematically developed by Felsen et al. [15, 16] , has been widely applied to investigate the characterization and propagation of beams in and beyond the paraxial regime. Seshadri [17−20] employed this method to derive an integral expression for Bessel-Gaussian, cylindrically symmetric elegant Laguerre-Gaussian, fundamental Gaussian [21] , and elegant Hermite-Gaussian beams. Bandres et al. applied this method to determine a higherorder complex source of elegant Laguerre-Gaussian wave with angular mode number m and radial mode number n [22] . Zhang et al. extended this method to generate a cosh-Gaussian wave with four complex virtual sources [23] , whereas Deng et al. derived a higher-order complex virtual source for the elegant Hermite-Laguerre-Gaussian wave [24] . Based on the operator transformation technique, the multiple complex point sources required to generate a coherent superposition of waves have also been introduced [25] . A group of virtual sources that generate a hollow Gaussian wave based on the superposition of beams has been generated [26] . However, to the best of our knowledge, the virtual source of the RLG beam has not been investigated. The exact solution of the RLG wave, including integral and differential representations, has also not been reported.
In this letter, based on the superposition of beams, a virtual source for the RLG wave
is studied. The expression of exact solution is obtained for this wave. From this expression, the paraxial approximation and nonparaxial corrections of all orders can be determined for this RLG beam. Suppose LG(x, y, z) to be a monochromatic paraxial scalar wave function that denotes a paraxial LG wave propagating along the positive z axis. The ordinary LG field at the original plane (z = 0) is characterized by
LG(x, y, 0) = A ω 0x ω 0y
where ω 0j (j = x, y) and ω 0 are parameters related to the beam width and A is a constant value. Here, A, ω 0x , ω 0y , and ω 0 ∈ . The Lorentz distribution has been expanded in terms of the elements of the complete orthonormal basis set of the Hermite-Gaussian functions [27] . The expansion is given by [27−29] LG(x, y, 0) = Aπ 2ω 0x ω 0y
where a 2m and a 2n are adjustable functions with adjustable parameters that are used to obtain reasonably convergent results, especially when only a limited number of terms is used in the expansion, and H 2m and H 2n are Hermite polynomials of even order. The values of a 2m and a 2n are listed in Ref. [27] . Supposing that ω 0j = ω j = ω, we obtain the waist of the Gaussian part ω 0 = √ 2ω in Eq. (1). We adopt the same beam widths of the Lorentz part in the x and y directions. The Lorentz part is modulated by Gaussian part with the appropriate waist, leading to the RLG beam, which presents a nearly round spot in original plane. After applying the beam width relation, the expansion equation of LG beams on basis of Hermite-Gaussian functions (Eq. (2)) can be rewritten as the RLG beams:
Equation (4) stands for LG beam with rotational symmetry, which presents a nearly round spot in the original plane. That is to say, the RLG beams present the symmetric characteristic in original plane, and can be obtained by means of the superposition of even-order Hermite-Gaussian beams. We display the propagation dynamics of the RLG wave in free space by means of the Fresnel diffraction method in Fig. 1 . The chosen planes are z = 0.5z R , z R , and 2z R , where z R stands for the Rayleigh distance. Normalized intensity distributions at the chosen planes for the approximated version of RLG wave are also plotted in Fig. 1 for comparison. Clearly, the RLG wave presents a prominent symmetrical characteristic different from the ordinary LG wave. Moreover, Figs. 1(a) and (d) show that the intensity distribution of the RLG beam is the same as that of its approximated version at the z = 0.5z R plane. Figures 1(b) and (e) also present the intensity distribution of these two beams at the z = z R plane. Clearly, the intensity distribution patterns of these beams at the z = z R plane, as well as at the z = 2z R plane, are the same. Roughly speaking, the superposition of the even-order Hermite-Gaussian beams can stand for the RLG beam, not only at the original plane, but also at the arbitrary section on propagation in and beyond the Rayleigh distance.
In the Cartesian coordinate system, the beam is assumed to be generated by a higher-order point source with the intensity of S ex situated at z = z ex . We also assume that the proper choice of S ex and z ex yields the desired LG beams in the physical space z > 0. The wave function satisfies the inhomogeneous Helmholtz equation
where
z with ∂ r = ∂/∂r (r = x, y, z). Applying the Fourier transform pairs,
]dp x dp y ,
where p x and p y are spatial frequencies in the x and y directions, respectively, and the spatial frequency is p = (p 
2n dp x dp y ,
for Re(z −z ex ) > 0, where ). This radiation condition is used to select the appropriate branch of ζ.
To obtain a nearly planar wave, we evaluate the integral in Eq. (9) 
y )(z − z ex ) dp x dp y ,
RLG(x, y, z) = exp(ikz)
In order to generate the RLG beam for z > 0, the input distribution is given by Eq. (4) for boundary condition z = 0. Because the Hermite Gaussian function is
by comparing Eqs. (4) and (11) under the boundary condition and applying Eq. (12), the parameters z ex and S ex are determined by the requirement that RLG(x, y, z) given by Eq. (11) for z = 0 is reduced to RLG(x, y, 0) in Eq. (4). The result yields
Then, Eq. (11) will be the paraxial RLG beam
with
As the above equations show, to a given beam width ω, a group of corresponding even-order Hermite-Gaussian beams will compose the LG beam. That is to say, the RLG beam expressed in Eq. (4) can be regarded as the sum of even-order Hermite-Gaussian beams with the same beam width ω. By applying Eqs. (13) and (14), one can also obtain the exact solution of the inhomogeneous Helmholtz equation in the integral representation from Eq. (9):
2n dp x dp y .
The integral representation for the RLG wave is given by Eq. (17) . The wave function representing the corresponding paraxial RLG beam is given by Eq. (15) . For z > 0, the solution given by Eq. (17) is the exact solution to the homogeneous equation corresponding to Eq. (5). This exact solution yields the correct paraxial approximation in the appropriate limit that excludes all the nonparaxial contributions, as well as the evanescent waves. All the contributions can be summed up by evaluated the integral in Eq. (17) . By applying the Green-function approach, the differential representation of a RLG wave can be determined. The solution of the differential equation
is given by
from the left in both sides of the Eq. (19) and using Eq. (14), when the result is compared with Eq. (5), the differential or multipole representation of the RLG beam is found to be
From Eq. (21), we can see that this uniquely shaped LG beam can be generated by applying the operator in Eq. to realize the RLG beam. Clearly, the RLG beam can be described as the infinity of even-order Hermite-Gaussian beams, as proven in Eq. (15) . However, we can select appropriate adjustable parameters in adjustable functions a 2m and a 2n to obtain a limited number of terms used in the expansion in practice.
In order to obtain the nonparaxial corrections of the RLG beam, we can perform the series expansion of 1/ζ and exp[iζ(z − z d )] in Eq. (17) by using the perturbative series method. The product of both series terms up to order (kω) −2j are retained and we can obtain the jth order corrections. By this expansion operation, the first three nonparaxial corrections of RLG beam for j = 3 can be represented as RLG(x, y, z) = Aπ 
